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Implementation of Optimal Guidance Laws
Using Predicted Missile Velocity Profiles
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A class of weighted control-effort minimizing guidance laws are derived for missiles of varying velocity. As a
practical weighting function, we consider a function of air density and missile velocity parameterized by positive
real numbers. The resulting optimal guidance problem can be interpreted as the drag minimization problem for
subsonic or supersonic missiles, depending on what parameters are used. This approach is extended easily to solve
the drag minimization of a typical antiaircraft missile system with an arbitrary velocity profile and arbitrary drag
characteristics, as demonstrated by a simulation study. We also present analytical results on how the guidance
gain of the optimal law varies according to the values of the parameters. Because the optimal guidance laws make
use of the future missile velocity profile, one critical issue is how to implement the laws. To avoid the difficulty
that an inaccurately predicted missile velocity profile causes the guidance command to blow up in the last part of
the engagement, we suggest two simple on-line velocity-profile updating schemes, which considerably alleviate the

problem.

I. Introduction

HE well-known proportional navigation guidance (PNG) law

is optimal for constant-velocity missiles in the sense that it
minimizes the control efforts, and it possesses the desirable prop-
erty that if there is no guidance system lag, the guidance command
decreasesto zero as the missile approachesthe target. When the mis-
sile has a nonconstant velocity profile, however, PNG is no longer
optimal in any sense and its guidance command often becomes ex-
cessively large in the final stage of the engagement, even for the
case of no lag in the guidance system. Because typical surface-to-
air missiles have large velocity changes in their boosting-coasting
flight profiles, there has been a need for studies on proper guidance
laws that would explicitly take the missile velocity variation into
account.

Recently, Baba et al.! proposed a guidance law, where a colli-
sion trajectory is computed using the future missile velocity profile
and the guidance command is generated to nullify the portion of
line-of-sight rate incurred by the deviation of the missile veloc-
ity vector from the computed collision trajectory. Cho et al.? in-
vestigated a control-effort minimizing guidance law for varying-
velocity missiles and studied some qualitative properties of the
key variables in their guidance law, such as guidance gain and a
time-to-go-like function #,. We extend our previous results’ and
derive in the same optimal guidance framework a class of weighted
control-effort minimizing guidance laws that comprise drag mini-
mization laws for subsonic and supersonic missiles and a law that
minimizes the control efforts penalized by the inverse of dynamic
pressure.

The main thrust of this extensionhas been an obvious fact that, in
many surface-to-air applications, a major limitation of the perfor-
mance comes from missile velocity thatis too low in the final stage of
engagement; thus, a drag-minimizing missile trajectory can consid-
erably enhance the overall missile performance. Another practical
concernis that because the missile maneuver capabilityis inversely
proportional to the dynamic pressure, it is undesirable to request
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a high missile maneuver when the dynamic pressure is low; this
case calls for a guidance law that discourages guidance activities
when the dynamic pressure is low. The optimal guidance laws of
this paper differ only in their guidance gains and result in guidance
command histories that are sufficiently different from each other to
call for a practical designer’s attention. We present the results of a
comparative study on these guidance laws.

A unique feature of the guidance laws in this paper and of the
law of Baba et al.! is the use of the future missile velocity profile.
Because the future missile velocity profile cannot be determined ex-
actly before the end of engagement, use of some type of predicted
velocity profile is required in actual implementation. We therefore
study the effect of the use of inaccurately predicted missile velocity
profiles and present two simple velocity-profile updating schemes
that can effectivelyremedy the problem. Miss-distanceanalysisalso
has been performed for the case of heading error and guidance sys-
tem lag to assess the performance of the proposed guidance algo-
rithms.

This paper is organized as follows: In Sec. II, the significance
of the weighted control-effortminimizing guidance problem is dis-
cussed at length, which is followed by the derivationof the guidance
laws. In Sec. 111, the properties of the guidancegains are investigated
to provide some insightsinto the relation between various weighting
functionsand the resulting guidancelaws. Then, implementationis-
sues concerned mostly with the use of inaccurate velocity profiles
are discussed in Sec. IV. The simulation study provided in Sec. V
compares the proposed guidance laws with other existing guidance
laws in the presence of velocity profile errors. Numerical results
also are given for a drag minimization problem of a surface-to-air
missile system that starts the homing phase at a subsonic speed but
intercepts the target at a supersonic speed. Finally, in Sec. VI are
the concluding remarks.

II. Optimal Guidance Laws

Considerthe homing guidance geometry showninFig. 1. Here, o,
denotes the flight-path angle for the perfect collision path that is de-
termined at the beginningof engagementand remains fixed through-
out the engagement. Other variables in Fig. 1 are self-explanatory.
The equations of motion in this homing problem are given by

(1) = V() sino, (1) — V,, (1) sinay, (1), Vi ()63, (1) = u(1)

M
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Fig.1 Homing guidance geometry.

Let us denote the deviation of the missile flight-path angle from o,
by Ao, i.e., Ao, =0, —or. Assuming small Ag,,, we linearize
Eq. (1) aboutz =0and o,, =0, and use a new variable V, defined as

V.= V,sino, — V,, sino, — V,, coso, Aoy,

to obtain
z(t) = V(1)
. 2)
V(@) =)V (1) — @)V, (1) + ar. (t) — u (1)
where
v, ) d
U, =UCosoy, czv—m, V.. = V,sing,, a,ZEEV,z

In our previous study,? we considered an optimal guidance prob-
lem in which the overall control effort

1y
/ u?dt
0

where 7/ is a fixed terminal time, is minimized subject to Eq. (2)
and the terminal constraintz () = 0. We extend the result of Ref. 2
to consider more general cost functions in the framework given
earlier. Specifically, we consider a weighted control effort as a cost
function that can account for either the overall control-dependent
drag force acting on the missile throughout the engagement or the
control efforts penalized by the inverse of dynamic pressure.

It is well known that the total drag D on a subsonic finite wing is
the sum of the profile drag and the induced drag, and the latter is de-
pendentupon the lift L or, equivalently, the control u, here. Indeed,
if we denote the induced-drag coefficient and the lift coefficient by
Cp, and C, respectively, then Cj, = k;C?, where the coefficient k;
is almost constant for subsonic flight. When the mass of the missile
is considered to be constant, we therefore have

k,L>  ku?
— a —
Ve V2

Induced drag o %cDi V2 %kici V2
where p is the air density. Therefore, minimizing the overall drag
while exerting the lift necessary for the interception of the target
amounts to minimizing the weighted control effort

1y
/ ol Vm’zuz dr
0

subject to the terminal constraintz(¢;) =0.
In supersonic flight, a major drag component is the wave drag,
and it is known that the wave-drag coefficient Cp,, is

M2 -1 _,
Cp, = ———Ci +

ki
M?—1

where M is the Mach number and k,, is a function of the airfoil cam-
ber and thickness. In the altitude range where aerodynamic control

is applicable, the variation in the speed of sound is less than 13%.3
Hence, for high supersonic flight, it is reasonable to approximate
/(M?*—1) as V,, divided by the speed of sound at some altitude.
Reasoning in the same manner as before, we can argue that the drag
minimization problem for high supersonic missiles is to minimize

1f
/ o ! V’;1 uf dr
0

Note that the maneuver capability of a missile is proportional
to the dynamic pressure pV2/2. Hence, we may consider a weight
function inversely proportional to the dynamic pressure; the cost
function is chosen as

Iy
/ (,0 V’ﬁ) - uf dt
0

where y > 0. This formulation will produce a guidance law that
causes the missile to maneuver less when it cannot generate large
enough normal forces; such a guidance law will be particularly
usefulinapplicationsin which the availablenormal force is marginal
when compared to the requirement. In fact, the drag minimization
in the subsonic regime is equivalent to the minimization of control
effort weighted by the inverse of dynamic pressure (y = 1).

The preceding considerationson drag and dynamic pressure lead
to a family of cost functions expressed as

f
J = l/ w(®u?(t) dt 3)
2 J, :

where w(t) =p~* V., P (t). The guidance law studied in Ref. 2
corresponds to the case of « = § = 0. The minimization of induced
drag for a subsonic flight correspondsto « =1 and 8 =2 whereas
the drag minimization for a supersonic flight is the case of o =1
and B = 1. Furthermore, the above formulation can be generalized
for the case that the velocity profile includes both subsonic and
supersonic speeds. Suppose that the drag coefficientis expressedas

Cp :CD(,(M)'i”ki(M)CZ “4)

where Cp, and k; (M) are dependent on the Mach number M. As
discussed earlier, the induced drag is proportionalto k; (M)u? /pV2.
Therefore, the drag minimization problem for this case is solved
easily by choosing the weight functionas w(r) =k;(M)/pV?2. Note
that the general drag minimization problem takes the form of the
minimization of the control efforts penalized by the inverse of the
dynamic pressure (y = 1), but the induced-drag coefficient k; (M)
also is involved.

Strictly speaking, p and V,, are dependenton the state z and con-
trol u, of our homing system. However, the introduction of such
dependency into optimal guidance formulation will lead to the sit-
uation in which no closed-form solution is available. However, this
difficulty can be avoided by using the predicted profiles of p and V,,
for guidance command generation. For example, the missile veloc-
ity profile can be predictedin advance by using an appropriate drag
model. For this purpose, the induced drag may be ignored or calcu-
lated from the average control effort required to intercept the target.
The density profile is not important when the missile’s altitude does
notvary significantly. If this is not the case, the density profile can be
approximated by assuming that the missile travels along a straight
line up to the predicted intercept point. Hence, we now assume that
p(t) and V,, (t) are given. Implementation issues concerned with
inaccurately predicted velocity profiles are discussedin Sec. I'V.

Now let us solve the minimization problem of Eq. (3) subject
to the dynamic constraint (2) and the terminal constraint z(t;) =0.
Here, the weighting function w (¢) is assumed to be a strictly positive
function of time. The solution of the optimal control problem posed
in Eq. (3) can be obtained in a straightforward manner (e.g., see
Ref. 4) and given as

tf 0
w.=w'BTFGLFT| S|+ | FT ds
) V. ' —cVi. +a

®)
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where

. . 1
F=—A"F, P =, 6)

tf
G@t)=— / w™l(s)FT (s)B BT F(s) ds 7

S

These equations are solved to give

1
F(t)=[tgm]

where

ty
G(t):—/ w’l(s)t;(s)ds 8)

L7 Vi(s)ds

1, (1) = V0 )
and therefore
T (0Oh(0)
u(t) = —Tt)[z(f) +1,(OV.()
ty rf
— / c()ty(s)Vi(s)ds + / to(s)a (s) dsi| (10)
Equation (10) can be put into the form
_ Mo,
u,(t) = 70 ZEM (11)

where ZEM denotes the zero-effort miss [the term in brackets in
Eq. (10)] and the guidance gain N(¢) is defined as
w (D1 (1) w () (1)

N(@) =— =
© G() f[’f w1 (s)12(s) ds

(12)

The optimal control u, can be expressed in an alternative form
by using the costate of the above optimal control problem.* Indeed,
the same argumentas in Ref. 2 leads to the following representation
ofu,:

u.(t) =vw '(t)BTF(t) = vw’l(t)tg(t) (13)

where v is a constantparameter. Because?, goesto 0 as 7 approaches
1y, itis clear that these guidance commands decreaseto 0 in the final
stage of engagement. This is a desirable property because there will
be enough room for acceleration command in the final moments to
cope with the various uncertaintiesand disturbancesencounteredin
actual engagement. Note that the PNG law cannotkeep this property
when missile velocity varies.

If the flight envelope is either subsonic or supersonic, we only
need to consider the case w(t) =p~“ (t)v,;ﬁ (t). Let us denote the
guidance gain for this case by N,z; thus,

£3(1)
Nep (1) = ,fg— (14)
f[‘ raﬁ(s;t)tg?(s) ds
where
SINRACKE
rap(s; 1) = [%} [m] , for s>t

Note that the optimal guidance laws parameterized by « and B
differ from each other only in their guidance gains N,z. Therefore,
qualitative characteristicsof the way that N,z behaves according to
the value of & and 8 are investigated in the next section.

Before leaving this section, we briefly discuss the limiting case
of @« — 00 or B — oo. First, note that, from the Egs. (11), (13), and
(14),

ZEM(0)
v=— s (15)
S pe @V ()2 (s) ds
and therefore
u (1) = t,(1)ZEM(0) (16)

folf Tap (53 D)12(s) ds

It is then easy to see that in the limiting case of 8 — 00, u_ (1) =00
if V,,(1) = maxo<,<; Vi (s), and u_(t) =0 otherwise. A similar
conclusion holds for the limiting case of o = 00.

III. Properties of Guidance Gains N, ;(t)
In this section, we investigate the characteristicsof N4 () for the
caseof w(t)=p ¢ (t)v,;ﬁ (t) with @ and B being constant. Define

_ L .
n) = , Nmin(f) = min 7(s)
tgu(t) t=s=tyf
nmax(t)E max ﬂ(s)s rmin(t)E min rotﬁ(S;t)
t<s<ty t<s<ty

rmax(t) = [inag([ rotﬁ(S; t)
=s=If

We first state the following property shown in Ref. 2.
Property I (Ref. 2):
i)n()>0.
i) lim, , ,, n() =1.
Now we are ready to prove Property 2.
Property 2: For any «a, 3,
D) 3% (1) /[Fmax (1) 0, (D] < Nag(8) < 357 (1) /[Fimin (D)5 (D]
i) lim, _, ,, Nog(1) =3
Proof:
i) Note that forr <s <1,

Iy ()M (1) S 13(5) = 15,07 (5) = 13,(5)710 (1)

Also,
tf ty tf

Foin (1) / 2(s)ds < / Fap (53 )12(5) A5 < T () / 12(s) ds
t t t

Hence

rf ty
Fonin (D05 (1) / 2,(s) ds < / Fap (53 D)12(5) ds
t t

f
< P (D75 () / 1,(s) ds
t

' ) 1 R
tgu(s)ds: 5 tgu(t)

and t; (1) = t;u ()1’ (t), the conclusion follows.
ii) Becauselim, _, 1 Tmax () = 1im; _, i (£) = 1, the conclusion
follows from i) and Property 1. I
Now we investigate how N,z varies according to the values of «
and . First, we fix o and define

Because

1f
Dﬁ(t)E/ raﬁ(s;t)tg(s)ds

Then Nyp = t;/Dﬁ. Let
Dy 5, (1) = Dp, (1) = Dy, (1),

Write Dg, g, as

B, B>0, B #pB

Dy g, (1) = Eg 5, (1)

PV (1)
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where

tf
Eﬁlﬁz(t)z/ P OV P (s) = VIR 0}V ()il (s) ds
' 17

It is then clear that Nyg, < Ny, if and only if Eg g, > 0.

Property 3: For B, > B,

i) If V,,(s) >0 for all s €[z, 7], then Ng,(s) < Ngp,(s) for all
s € [t, l‘f]..

i) If V,,(s) <0 for all s €[t, 7,], then Ny (s) > Nep,(s) for all
s € t, tf].

Proof:

i) The hypothesis implies that V,,(s) > V,,(t) for all s €[t,7/].
By the definition of Eg g,, we have Eg g,(s) >0 for all s €[, t/].
Hence the conclusion follows.

ii) The same argument as in i) leads to the conclusion. |

A similar argument leads to Property 4.

Property 4: For a; > as,

i) If p(s) >0 for all s €[z, 2,], then Ny 5(s) < Ngyp(s) for all
s € [t, l‘f].

i) If p(s) <0 forall s €[t, /], then Ny z(s) > Ny,5(s) for all
s € t, l‘f].

In many applications, the missile altitude or the air density varies
monotonically. Therefore, Property 4 could be used as a useful
guideline for choosing the value of «. Indeed, if p is decreasing,
the optimal guidance gain is larger with a larger «, so that the mis-
sile tries harder to reduce ZEM before the air density becomes too
low, which coincides with the physical intuition. The missile ve-
locity, however, usually is not monotonic because many missiles
have both boosting and coasting phases. Thus we need a more use-
ful property than Property 3 to describe the behavior of N,z for
different values of B. For this, let o again be fixed.

Property5: Supposethatforsome, € [0, 00), V,,(t) > Oforz <1,
and V,,(¢) <O for ¢ > t,. Then, for 8, > B,,

i) If t; <1, then Nyg (1) < Nyg,(t) forall t <.

ii) If t, < t, then either (a) or (b) holds:

a) There exists #4, 5, < #;, such that Eg 4,(t5,4,) =0, and

Ny (1) < Nog,(t)  for 1 <ty
Naﬁl(t) = Naﬁz(t) fOI' t = tﬁlﬁz
Neg (1) > Nogy(t)  for  tg4, <t <1y
b) Nyp (1) > Nep,(t) forall  <ty.
Proof:
i) Consider Eg, 4, defined by Eq. (17). Note that
Eﬁlﬁz (0=

. 1y
— (B —ﬂz)V,f‘fﬁrl(f)Vm(f)/ PV ()1} (s) ds
t
Therefore, forall # <1y,

Epp() <0 if V(1) >0

Epp(t) >0 if V,(t) <0

Because t; <1, V(1) >0 for all < t; by the hypothesis so that
Eg (1) is strictly decreasing in the interval [0, ;). Now that
Eg p(t;) =0, Egp,(t) >0 for all £ <t;, and therefore Nyg () <
N (1) forall £ < 1.

ii) Because V,, is strictly decreasingin (%, t), we have from the
definition of Eg g, that Eg g,(#,) <0. By the same reasoning as in
the preceding i), we deduce that Eg 4,(¢) strictly decreases to the
minimum value Ep, 4,(%,) <0 as t increases to #,, and then strictly
increases to 0 as ¢ approaches ;. If Eg, 4,(0) > 0, then there exists,
by the continuity of Eg g,(f), 15,4, <1, such that Eg g,(t5,5,) =0;
in this case, Eg, 4,(0) > 0 for t < 14,4, and Eg,4,(0) <0 fort > tg,g,,
which implies conclusiona. If Eg, 4,(0) <0, then we must have that
Eg p,(t) <Oforall? < t;,and thereforethat Nog,(f) > Neg,(?) forall
t <y, which is conclusionb. |

Note that the hypothesisin Property 5 describesa typical acceler-
ation profile of surface-to-air missiles that have an initial boosting
phase with the burnout time 7, followed by a coasting phase. Note

also that 74, 4, exists whenever the missile terminal velocity is larger
than the initial velocity (the missile velocity at the time of guidance
initiation), which is true in most surface-to-airmissile applications:
Indeed,as arguedin the proofof Property 5, Eg, 4,(0) > Ois anequiv-
alent statement to the existence of such #4, 4,, and it is clear from the
definition that Eg, 4,(0) > 0 if V,,(s) > V,,(0) for all s > 0.

Now letus restrict ourselves to the case in which the air density is
constant, e.g., as in a horizontal engagement scenario, and 8 takes
the value from 0, 1, and 2. For brevity, we use the notation Ny for
Nys. In view of Property 5, we then see that, in most surface-to-air
missile applications,

Ny(t) > Ny(t) > N,(¢t) in the first part of the boosting phase
No(t) < Ni(t) < No(t) from the latter part of the boosting phase

In particular, note that the drag-minimizing guidance laws (8 =1
or 2) use smaller guidance gains than the control-effort minimizing
law(B8 =0) in the beginning of the engagement. Because the magni-
tude of acceleration that a missile can exert often is limited severely
in the beginning of the boosting phase because of low missile veloc-
ity, the drag-minimizingguidancelaws can be used not only for drag
minimization but also as a practical guidance scheme that accounts
for the limited lift capability in the initial guidance stage.

IV. Implementation Issues

To implement the optimal guidance laws developed in this pa-
per, the missile needs the following information: a) current relative
position and relative velocity between the missile and the target, b)
current target velocity vector and future target acceleration profile,
and c) future missile velocity and air density profiles. Because future
target acceleration is unknown, we usually assume for a practical
reason that the current target acceleration is maintained throughout
the engagement. Once all of the preceding information is obtained,
we can compute the key variables in the guidance command (11)
such as t,, Nyg, f,,, and ZEM. In particular, 7,, can be computed as
a numerical solution that satisfies

1+ 1go 2 1
[ / V,u (5) dsi| =7 a; (g, + V,(Da, (01,
t

+{a,(OR@) coslo, (1) — o (D] + V(1) }12,

+2R )V, (1) cos[o, (1) — o (D)]tg + R*(1) (18)

(This t,, computation method is based on the assumption that the
missile instantly nullifies its heading error to return to the collision
path at every instant; for the derivation of the equation, see Ref. 1
or2.)

Note that items a and b at the beginning of this section are the
information required for many modern optimal homing guidance
laws. Item a can be determined by using the active seeker outputs
(seeRef.2), and b can be estimatedin a targettracking filter. Estima-
tion errors of the target tracking filter may cause a significant degra-
dation of the guidance performance. However, this issue, which is
common to any modern guidance law, is not investigated further
because it is beyond the scope of this paper.

Item c is the additionally required information by which the pro-
posed optimal guidance laws differ from most other guidance laws.
Because it is not possible to obtain the exact information of c, we
have to use some predicted profiles in actual guidance-law imple-
mentation. Discrepancy between true and predicted profiles of ¢
could severely degrade the guidance performance. In particular, the
error in the predicted missile velocity profile results in wrong guid-
ance gains and, more frequently, erroneous time-to-go estimates;
the latter is a most critical factor that makes the guidance command
blow up in the last moment of engagement. On the other hand, the
effectof an errorin the predictedair density profile is confined to the
computation of guidance gain. As a result, an inaccurate air density
profile results in some deviation from the optimal guidance gain,
but the resulting guidance algorithm maintains the nice property
that the guidance command decreases to zero in the final stage of
engagement. Thus we assume from now on that we perfectly know
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items a and b, and we concentrate on the investigation of the effect
of uncertainty in the future velocity profile. We suggesta couple of
velocity-profile update schemes that can be used effectively when
the current missile velocity is available.

Let us denote a missile velocity profile predicted before launch
as {V,,(s), 0<s <1, }. Note that even if we use {V,,} instead of
{Vn} in computing N,g, Properties 2 through 5 still hold with V,,
in the Propertiesinterpreted as V,,. In particular,if V,, (t) =k V,, (¢),
k is constant, then we get exactly the same values of 7, and N, as
in the case of using the true missile velocity profile. However, as
shown in the next section, the guidance command could blow up in
the final stage of engagement when {V,,} is different from the true
one, which is mainly due to the erroneousf,, computationresulting
from the use of a wrong velocity profile.

Now assume that the current missile velocity is known. In this
case, we could use one of the simple velocity profile update schemes
elaborated in the following, considerably alleviating the problem of
guidance command blowup caused by incorrect missile velocity
profiles.

i) When V,, is given by some function of time and the present
velocity;i.e., V,, (s) = f(s, V,(t)) for s > ¢: Note that the case in
which V,, is given by some differential equations belongs to this
category. In this case, we can update the future velocity profile
simply by setting V,, (s) = f (s, V,,(¢)), s > ¢, at each time instant?;
i.e., by replacing the initial value V,, (¢) of the function f with the
current missile velocity, as proposed in Ref. 5.

ii) For any form of {V,,} including tabular forms: At each time ¢,
we define

k(t) = M
Vi (1)
and redefine the predicted velocity profile according to the scale of
k(t);i.e.,let

VIV (s) = k(t) VOs),  for s>t

As discussed earlier, scaling of the velocity profile does not change
the values of 7, and N,g; however, it changes the value of the 7,
estimate.

The preceding velocity-profile update schemes are simple and
straightforward, but turn out to be quite effective as shown in the
computer simulation study.

V. Numerical Examples
In this section, we conduct two simulation studies for antiair-
craft missile engagements to demonstrate the effectiveness of the
proposed guidance method. First, the proposed guidance laws are
compared with the existing ones in the guidance performance of
a supersonic missile under the presence of velocity profile inaccu-

24

racies and guidance system lags. The usefulness of the proposed
update schemes also are examined. Next, a drag minimization prob-
lem for a surface-to-air missile that is accelerated from a subsonic
speed to a supersonic one is investigated. For all of the numerical
examples, a horizontal engagement is assumed for simplicity, and
therefore, the air density in the cost function plays no role in these
studies.

A. Effects of Velocity Uncertainties and Guidance Lags

In this simulation study, we are concerned with the divergence
problem due to velocity-profile prediction errors as well as with the
effectivenessof the proposedupdate schemes. The effectof induced
drag on the missile speed is ignored, for simplicity. The missile ve-
locity profile is chosen as V,, (0) =340 m/s, V,, () = 340 m/s? for
0<t<2s,and V,(t) = —% V,.(t) for t > 2 s. The initial condi-
tions of the engagementare given by o,,(0) =45 deg, x(0) =8 km,
z2(0) =0, and o0,(0) =135 deg. The target is turning with a con-
stant speed; V,(t) =340m/s and a,(t) = —2.5g for all t. The pre-
fect collision-path angle is computed as o; = 29.7 deg; hence, the
missile has an initial heading error of 15.3 deg. Given the missile
velocity profile, we can compute the guidance gains Ny, which are
displayedin Fig. 2 for #; = 11.23 s: In this figure, we see that the Ny
behave as stated in Properties 2, 3, and 5. We have applied to this
scenario the augmented proportional navigation guidance (APNG)
law with N =3:

u (1) = {an+@m%m+%@m%m}

12,(0)

and Baba’s algorithm (specifically, APXGL with N =5 in Ref. 1)
as well as the optimal guidance law presented in this paper. Only
the cases B =0, 8 =1, and B =2 have been considered for the op-
timal guidance law. As for the 7,, computation, we have used an
approximation t,, ~ x/ V., where V., is the x-axis component of
the closing velocity, for APNG, and Eq. (18) for the rest of the
guidance laws.

Six casesare consideredto assess the performanceof the proposed
guidance algorithms. In all cases, the relative geometry (z and V;)
and the target states (V,, a,, and o,) are assumed to be known:

Case 1: No guidancesystem lag, perfectknowledge of the missile
future velocity profile.

Case 2: No guidance system lag, missile velocity is not available,
and the predicted profile is given by

V,, = 300m/s’ for

V,= —1—12 V, for t>1

where 7, =2.267 s.
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Case 3: No guidance system lag, current missile velocity is avail-
able, and the predicted profile of case 2 with update scheme (i) from
the preceding section is used.

Case 4: Same as case 3, but velocity update scheme (ii) is used.

Case 5: Perfect knowledge of the future missile velocity profile,
guidance system lag modeled by 1/(s + 1).

Case 6: Same as case 3 except that the guidance system lag is
modeled by 1/(s + 1).

First, considercase 1. As shownin Fig. 3, the guidance commands
decrease to zero in all optimal guidance laws as ¢ approaches the
final impact instant, which is expected from Eq. (13). On the other
hand, the guidance command in APNG does not go to zero. We also
have computed the values of various costs for case 1 and summarize
the results in Table 1, which clearly validate the derivation of the
optimal guidance laws.

When we use an inaccurately predicted missile velocity profile
(case 2), the guidance commands of the optimal guidance laws
rapidly diverge as the missile approaches the target, as shown in

Table 1 Cost values of various guidance laws (case 1)

CHO, RYOO, AND TAHK

Fig. 4. This undesirable phenomenon is improved considerably if
we employ either of the two velocity-profile updating schemes us-
ing the current missile velocities (see Figs. 5 and 6). Note that the
command histories of the optimal guidance laws in Figs. 5 and 6
are not much different in their shape from those in Fig. 3; small
nonzero values of guidance commands at the impact instant are the
only noticeableeffect of an inaccurate missile velocity profile when
a velocity update scheme is used.

If there is a guidance system lag (cases 5 and 6), the optimal
guidance commands abruptly diverge at the very last moments, but
maintain in most time the same shape and properties as in the case
of no guidance system lag, as observed in Figs. 7 and 8. In partic-
ular, the incorrect missile velocity profile, if used with the velocity
update scheme (i), does not exacerbate the effect of a guidance sys-
tem lag. A miss-distance analysis has been performed for cases 5
and 6 by repeatedly running computer simulations for various total
engagement times f;, i.e., for various initial ranges x(0), and its
results are displayed in Figs. 9 and 10. The miss distances of the
optimal guidance laws for case 6 are comparable to those for case 5,
and far better than that of APNG.

Optimal guidance laws Baba, APNG,
Cost function B=0 B=1 B=2 N=5 N=3 B. Drag Minimization
g 12.627 13.158 15.551 19.990 06,137 Consider a realistic missile flight with a boost phase and a coast
/0’ umd ’ s ’ ’ ’ phase. The initial speed is V,,(0) =100 m/s, and the longitudinal
foj u?/ Vy d 22.66 19.60 20.11 23.86 148.95 accelerationis givenby V,, = Ay — uV2C)p during the boost phase
fo’f u?/ V2 dr 0.045 0.032 0.028 0.030 0.266 (0 <t < 25s5)and ‘./’” =—uVZ:Cp gfte‘r the booster burnout
(t > 2.5 s). The accelerationdue to thrustis givenby A; = 380 m/s?
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Fig.3 Guidance commands with true velocity profile (case 1).
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Fig.4 Guidance commands with predicted velocity profile (case 2).
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Fig. 8 Guidance commands with guidance lag and predicted velocity profile update (case 6).
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and the coefficient p is chosen as 1/6000 m~'. Because of the
booster thrust, the missile exceeds the sonic speed within 0.7 s
and obtains the burnout velocity of almost 1000 m/s. The drag
characteristics are given by

0.45 for M <0.95

Co, My =1_05 o0 m>105
M? —1
0.1 for M <0.95
k(M) = M?—1
T for M > 1.05

The valuesof Cp, and k; forthe transonicregionare calculatedby the
interpolationof the data at M = 0.95 and 1.05. The missile velocity

three guidance laws with the guidance gains for 8 =0, 1, 2, respec-
tively, and the drag-minimizing guidance law, which is a dual-gain
guidancelaw taking the drag characteristicsin the two speedregions
into account. Because a horizontal engagementis assumed, the air
density and the speed of sound are constant. Hence, the weighting
functionis chosen as w(r) = k;(M)/M>.

Table 2 shows the missile’s terminal velocity for several values
of the initial missile heading. As expected, the dual-gain guidance
law gives the highest terminal velocity for all cases. Note that the
effectiveness of the dual-gain guidance law is significant when the
initial heading erroris large: o,,(0) =45 deg. For this case, the mis-
sile needs to maneuver more than for the other cases, producing

Table 2 Terminal velocity for various guidance laws (m/s)

. . . . . Guidance Om (0) = Om (0) = Om (0) = Om (0) =
profile required for guidance computation is calculated in advance law 0 deg 15 deg 30 deg 45 deg
by assuming C; = 0, and the update scheme (ii) is employed during
the en t B=0 642.0 749.3 725.4 652.3

gagement.
- SR _ _ =1 708.2 751.0 731.5 665.8
e target initially is located at x(0) =12 km and z(0) =0 km, B=2 6799 750 8 721.9 638.5
and travels along a straight course at a speed of 340 m/s with Dual gain 712.9 751.2 733.4 674.3
o, = 135 deg. For this scenario, four guidance laws are compared:
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Fig.12 Guidance commands for o, (0) =45 deg.



588 CHO, RYOO, AND TAHK

Table 3 Burnout velocity for various guidance laws (m/s)

Guidance 0, (0) = 0, (0)= 0, (0) = 0, (0)=
law 0 deg 15 deg 30 deg 45 deg
=0 899.6 1001.7 979.1 921.2
p=1 978.6 1003.0 991.3 951.8
p=2 984.5 1003.2 993.4 960.4
Dual gain 976.8 1003.0 990.6 950.4

more maneuver-induced drag. It also is observed that the wave-
drag minimization guidance law (8 = 1) gives the second-best re-
sult for all cases because most of the flight region is supersonic.
Figures 11 and 12 show the time history of each guidance com-
mand for o,,(0) =30 deg and 45 deg, respectively. It is observedin
these figures that the guidance commands produced by the conven-
tional control-effortminimizing law (8 = 0) are far from the optimal
ones for drag minimization. At high subsonic speeds, the dual-gain
guidancelaw produces the largest missile maneuver among the four
guidance laws. Because the induced drag in the subsonic region is
assumed to be inversely proportional to the dynamic pressure, it
is more advantageous for drag reduction to maneuver in the high
subsonic region rather than the low subsonic region. On the other
hand, the control-effort minimizing guidance law (8 = 0) does not
consider this fact so as to produce large guidance commands in the
beginning, resulting in the largest velocity loss at burnout, as shown
in Table 3. That explains why this guidance law does not give the
highest terminal velocity even though its guidance commands re-
main the smallest for the rest of the flight.

VI. Concluding Remarks

A class of weighted control-effort minimizing guidance laws are
derived for varying-velocity missiles. In particular, we extensively
study the case in which the weighting function is given in the form
of p=V,’. The resulting guidance law could represent a drag-
minimizing law for subsonic missiles (for « = 1, 8 =2) or super-
sonicmissiles (fora = 1, 8 = 1). Furthermore, the same formulation
enables us to solve the drag minimization problem for a missile sys-

tem of arbitrary velocity range and drag characteristics. Therefore,
it gives a guidance-law designer much flexibility to account for spe-
cific needs and/or constraints of missiles in a simple manner.

The optimal guidance law of this paper, as well as any optimal
guidance law that explicitly accounts for missile speed variation in
its problem formulation, needs to use some form of future missile
velocity profile that obviously is not exactly known during the en-
gagement. We have shown that although an inaccurate velocity pro-
file makes guidance commands diverge at the final stage of engage-
ment, simple on-line velocity-profie update schemes can effectively
alleviate the problem. Also, a miss-distance analysis is performed
for the case of guidance system lag, and reveals that the optimal
guidance laws perform far better than the conventional APNG law.
Finally,adrag minimizationproblemfor a typical surface-to-airmis-
sile system is solved to demonstrate the usefulness of the proposed
method for practical missile guidance. The iterative computationfor
14, estimation could be a burden for some applications. A study on
computationally efficient 7, estimation methods is under way.
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